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Abstract: This paper presents models for predicting the residual and peak transient tilt of mat-founded 4 

structures on liquefiable ground. First, the study presents a completely empirical model based on correlating 5 

residual tilt to settlement in case histories. Second, a semi-empirical model for residual tilt is developed 6 

based on an extensive numerical parametric study of soil-foundation-structure systems, centrifuge tests 7 

performed by several researchers, and case history observations from several earthquakes. The model of 8 

peak transient tilt is based on centrifuge tests. The uncertainty around the estimates of each model is 9 

described using lognormal distributions, and all necessary correlation coefficients are calculated. The 10 

proposed procedure is the first methodology for estimating the residual tilt of such structures that is not 11 

derived solely from settlement models used to estimate differential settlement. It therefore accounts for the 12 

influence of complex phenomena (e.g., soil-structure interaction, asymmetric loading, inter-layering, and 13 

ejecta) that mechanistically affect tilt and settlement differently. The models consider various properties of 14 

the soil profile, foundation, and structure, and also characterize total uncertainty. These models constitute 15 

a fundamental component of a performance-based approach that could be combined with vulnerability 16 

functions in the future to evaluate liquefaction risks in terms of losses associated with tilt of structures. 17 
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INTRODUCTION 19 

Liquefaction has been a major factor contributing to damage and losses in a number of recent and historical 20 

earthquakes. For example, the extent and severity of liquefaction, and its damaging effects observed in the 21 

2010-2011 Canterbury earthquake sequence, have been extensively investigated and documented 22 

(Cubrinovski et al. 2011a,b; Quigley et al. 2013; Bray et al. 2014). Likewise, the 2010 Chile earthquake 23 

and the 1999 Kocaeli and Düzce earthquakes provided a relatively large number of case histories of 24 

liquefaction-induced soil and structural damage (Bray and Sancio 2009; Unutmaz and Cetin 2010; Bertalot 25 

et al. 2013). Among the many consequences of liquefaction, damage associated with permanent settlement 26 

and tilt of structures is particularly costly, motivating efforts to develop design and remediation strategies 27 

that can potentially reduce these effects. Statistical models for predicting liquefaction-induced settlement 28 

of shallow-founded structures have recently been developed (Unutmaz and Cetin 2012; Bray and Macedo 29 

2017; Lu 2017; Bullock et al. 2018). However, predictive models for the tilt of foundations on liquefiable 30 

soils that can be used as part of the design and decision-making processes are not readily available. This 31 

paper presents models for both the residual and peak transient values of foundation tilt. 32 

 The past several decades have seen the extension and refinement of predictive tools for liquefaction 33 

susceptibility (Bray and Sancio 2006), deterministic and probabilistic evaluation of triggering (Youd et al. 34 

2001; Seed et al. 2003; Boulanger and Idriss 2014), and deterministic estimates of free-field (Tokimatsu 35 

and Seed, 1987; Ishihara and Yoshimine 1992) and foundation settlements (Liu and Dobry 1997). 36 

Motivated by the rising popularity and increasing maturity of performance-based design and decision-37 

making methods, the most recent of these tools provide probabilistic estimates of settlement in the free-38 

field (Cetin et al. 2009, 2012) or under a foundation (Unutmaz and Cetin 2012; Bray and Macedo 2017; Lu 39 

2017; Bullock et al. 2018). A number of studies have also developed and evaluated indices and metrics that 40 

represent the vulnerability of a site to liquefaction, such as the liquefaction potential index and severity 41 

number (e.g., Maurer et al. 2014; Van Ballegooy et al. 2014). 42 

 Yet, the triggering of liquefaction, its surficial manifestations, and the corresponding settlement of 43 

the ground or foundation do not represent the full range of consequences of the phenomenon on structures. 44 
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The tilt of shallow-founded structures has also proved to be a significant driver of losses due to liquefaction. 45 

Often, the only course of action for structures with severe residual tilt following an earthquake is demolition 46 

(Bray et al. 2014), regardless of the performance of the structure itself. Residual tilt can also have a 47 

dominant influence on insurance decisions. In addition, the transient tilt  of a foundation (i.e., the tilt during 48 

shaking) may affect the performance of the superstructure by amplifying P- effects and nonlinear demands 49 

(Paramasivam et al. 2018), or by damaging lifeline connections to the building, even if the residual tilt is 50 

acceptable.  51 

 Previous studies have proposed the application of settlement models to estimate a foundation’s 52 

residual tilt (e.g., Bray and Macedo 2017). In this approach, the engineer estimates settlement of the 53 

structure according to the soil profiles at either side of the mat foundation based on a given settlement 54 

procedure, finds the difference, and uses foundation width to convert that differential settlement into an 55 

estimate of foundation tilt or distortion. These estimates of tilt implicitly assume that foundation tilt or 56 

differential settlement is solely a consequence of heterogeneity in the soil profile in plan. Vertical 57 

heterogeneity and interlayering is accounted for only insofar as it affects the predictions of settlement, 58 

which may not reflect its influence on tilt. Although soil heterogeneity is certainly a major contributor, tilt 59 

(both transient and residual) is also a consequence of soil-foundation-structure-interaction (SFSI) induced 60 

building ratcheting, as well as other complex phenomena in the underlying soil (e.g., ejecta), which depend 61 

on the intensity, duration, and frequency content of ground motion as well as interlayering of the soil deposit 62 

in elevation. This interaction means that residual tilt can occur even with a perfectly homogeneous site, 63 

although estimates based on settlement procedures would always predict zero tilt in this case.  64 

 Figure 1 shows the average settlement and residual tilt of the mat-founded structures in a case 65 

history database collected by the authors (detailed in Appendix I). Clearly, residual tilt is correlated to the 66 

average foundation settlement, though not perfectly so. Yet, none of the soil profiles in these case histories 67 

identify extreme soil heterogeneity in plan. Estimates of tilt based on differential settlement therefore 68 

predict near zero tilt for these cases. Thus, a settlement-based prediction of tilt may be highly 69 
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unconservative, except for those cases where there is plan heterogeneity that is both observed and properly 70 

characterized. 71 

Predictions of tilt based on differential settlement are also hampered by the fact that the relative 72 

importance of physical deformation modes for foundation tilt is expected to differ from that for settlement. 73 

Dashti et al. (2010a,b) and Adamidis and Madabhushi (2017) classified deformation modes that drive 74 

foundation settlement: shear type deformations under the static and dynamic loads induced by the building, 75 

volumetric deformations due to partial drainage, sedimentation, and consolidation, as well as soil ejecta. 76 

Shear deformations from SFSI-induced building ratcheting are intrinsically linked to transient tilt, and 77 

therefore to residual tilt, as well being important for settlement. In contrast, in the absence of substantial 78 

heterogeneity in plan, punching-type shear deformations under the building’s static loads (due to softening) 79 

and certain volumetric deformation modes (e.g., partial drainage and sedimentation) likely have little effect 80 

on foundation tilt, despite their strong influence on settlement. Soil ejecta may also have a more significant 81 

effect on tilt compared to its effect on settlement. The heterogeneity of the soil profile in elevation is 82 

expected to affect the magnitude of ejecta and, hence, tilt (Beyzaei 2017). Uncertainties in tilt are also 83 

expected to differ from settlement, and this difference cannot be captured through a settlement-based 84 

approach.  85 

This paper presents two probabilistic models for predicting the residual tilt of mat-founded 86 

structures. Motivated in part by Figure 1, the first is an empirical model describing residual tilt or 87 

foundation’s angular distortion, expressed in degrees, as a function of settlement, based on case histories. 88 

As settlement is unknown for future earthquake scenarios, use of this model requires implementation in 89 

tandem of a probabilistic model for building settlement. The second, semi-empirical, model incorporates 90 

insights gained from a large numerical parametric study, databases of centrifuge tests, and case history 91 

observations. The numerical and centrifuge models did not consider soil heterogeneity in plan nor represent 92 

soil ejecta and effects of multi-dimensional shaking. Yet, the quality and quantity of these measurements 93 

made them valuable for developing a functional form for foundation tilt. Case history observations, on the 94 

other hand, included complexities of 3D heterogeneity, soil ejecta, and multi-dimensional earthquake 95 
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shaking, but their measurements were fewer in number and lower in quality. The resulting semi-empirical 96 

model is formulated to operate independently of any estimate of foundation settlement. Geometry and in-97 

situ testing parameters, such as SPT or CPT with depth, are required for use of either model. Both models 98 

proposed in this paper yield probabilistic predictions for the foundation’s residual tilt suitable for use in a 99 

performance-based framework. The paper also presents a model for peak transient tilt (based on its ratio 100 

with the residual tilt of the foundation, and, again, in units of degrees) from centrifuge results. 101 

SIMPLIFIED EMPIRICAL MODEL FOR RESIDUAL TILT 102 

Overview 103 

In this section, we propose an empirical model for residual tilt based solely on case history observations. 104 

This model depends on the width of the mat foundation (𝐵), the thickness of the non-liquefiable crust above 105 

the topmost susceptible layer in the soil profile (𝐷 , ), and the average settlement experienced by the 106 

foundation (𝑆). Due to its development from case history observations, this model inherently includes the 107 

effects of SFSI-induced building ratcheting, 3D heterogeneity in soil, and ejecta on foundation tilt, to the 108 

extent that these phenomena occurred in the case history database. The goal of the proposed empirical 109 

model is to provide a relatively simple approach for predicting residual tilt, requiring only a prediction of 110 

settlement and minimal additional information (foundation size and profile geometry). However, this model 111 

requires co-implementation of a probabilistic model for foundation settlement, and the complexity and 112 

accuracy of this model depends on the relative complexity and accuracy of the embedded model for 113 

foundation settlement. We provide the necessary guidance to use this model in tandem with the Bullock et 114 

al. (2018) settlement model, which is reproduced in Appendix II, although other models may also be used 115 

(e.g., Bray and Macedo 2017).  116 

Case history database 117 

Table 1 summarizes the case history database of buildings with mat foundations on liquefiable soils used 118 

in this study (see also Appendix I). The same case history database was used as part of the development of 119 

the Bullock et al. (2018) model for foundation settlement. However, its extent is reduced here due to missing 120 

tilt measurements. Additionally, the two buildings with effective heights larger than 15 m were removed 121 
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from the database because these have a disproportionately large influence on regression coefficients. 122 

(Effective height is the height of a single-degree-of-freedom oscillator, typically taken as 70% of its true 123 

height if the structure is more than one story tall, and exactly its true height if it is one story tall.) We 124 

therefore limit the applicability of the model to structures with effective heights of 15 m or less, or roughly 125 

six stories or shorter.  126 

Model development 127 

The size of this database – 𝑛 = 20 for mat-founded structures with recorded tilt values – necessitates a 128 

cross-validation based methodology for selecting a functional form. We consider the features listed in Table 129 

2, considering properties of the ground shaking, soil, foundation, and structure.  130 

In this table, 𝑆 is the average foundation settlement, 𝐹  is a flag that is 1 if the liquefiable material 131 

is below a low-permeability cap (e.g., a fine-grained deposit of plastic silt or clay with permeability less 132 

than approximately 10-7 m/s) and 0 otherwise, 𝑞 is the foundation bearing pressure (kPa), 𝐵 is the foundation 133 

width (smaller side of a rectangular mat foundation, m), ℎ  is the effective height of the structure (m), 134 

𝑀  is the inertial mass of the structure (kg), 𝐷  is the embedment depth of the foundation (m), 𝐻 ,  is the 135 

thickness of the uppermost liquefaction-susceptible layer in the profile in meters, and 𝐷 ,  is the depth from 136 

the ground surface to the top of the uppermost susceptible layer (considering only susceptible layers with 137 

some thickness >1m below the foundation). Susceptibility of soil to liquefaction (as relevant to 𝐷 ,  and 138 

𝐻 , ) was evaluated according to the criteria of Bray and Sancio (2006), which is based on soil water content 139 

(𝑤 ), liquid limit (𝐿𝐿), and plasticity index (𝑃𝐼) (a soil is susceptible if 𝑃𝐼 ≤ 12 and 𝑤 𝐿𝐿⁄ > 0.85).  140 

Here, we note that no additional information beyond those parameters listed in Table 2 regarding 141 

the density of the susceptible layers is needed.  A factor of safety against liquefaction triggering has not 142 

been implemented in the proposed models, because triggering (e.g., defined as 𝑟 = 1.0 or based on surficial 143 

manifestation of liquefaction) is complex under a foundation, and buildup of excess pore pressures and soil 144 

softening can cause notable seismic settlements and tilts of the foundation even without triggering. These 145 

factors are implicitly taken into account by including the properties of soil and loading imposed by the 146 
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structure and ground motion. However, additional information about susceptible layers and possibility of 147 

triggering may still be required if the co-implemented settlement model includes it. 148 

Several intensity measures and locations for measuring these intensities (i.e., outcropping or within 149 

rock motion, far-field surface, or foundation) were considered. Cumulative absolute velocity (𝐶𝐴𝑉) was 150 

previously selected as the optimum intensity measure (IM) for predicting foundation settlement by Bullock 151 

et al. (2018). Our analysis shows that a vector-valued IM containing 𝐶𝐴𝑉 and either peak ground velocity 152 

(𝑃𝐺𝑉) or peak incremental ground velocity (𝑉 ) of the outcropping rock motion is optimum (described in 153 

Appendix III). 𝑉  is defined as the absolute area under the largest acceleration pulse in a ground motion 154 

record (e.g., Jampole et al. 2016, Bullock et al. 2017). We select 𝑉  for potential inclusion, rather than 155 

𝑃𝐺𝑉, because it offers slightly better efficiency and sufficiency. 𝑉  was also previously shown to 156 

outperform 𝑃𝐺𝑉 in the context of base isolation (Jampole et al. 2016), a problem which has strong parallels 157 

with liquefaction (i.e., the inclusion of material at the base of a structure with relatively low stiffness). 158 

Perhaps counterintuitively, the intensity at outcropping rock sites is of interest because existing ground 159 

motion models (GMM) that include site effects are not applicable when liquefaction is expected (site 160 

behavior will be highly nonlinear, and site 𝑉 ,  may be below the range of applicability). For all IMs, we 161 

use the maximum horizontal rotated component of the recorded ground motion (𝑅𝑜𝑡𝐷100) because 162 

geotechnical site response is governed by the maximum shaking regardless of orientation, and is not 163 

orthogonal (i.e., as would be implied by the use of a geometric mean) (Cubrinovski et al. 2003). GMMs 164 

from Bullock et al. (2017) are therefore convenient because they used the maximum rotated component 165 

(𝑅𝑜𝑡𝐷100) and focused specifically on IMs at rock sites. However, other GMMs can be used to predict 166 

outcropping rock motion by inputting an artificial rock outcrop shear wave velocity in place of 𝑉 , . The 167 

values of 𝐶𝐴𝑉 and 𝑉  used for each case history are the deterministic median values predicted by the 168 

Bullock et al. (2017) GMMs. The need to use predictions from a GMM arises from a lack of outcropping 169 

rock accelerogram data in the case history database. 170 
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We employ a greedy forward stepwise selection strategy for feature selection (Efroymson 1960). 171 

The greedy forward stepwise algorithm begins by fitting all models with one feature from Table 2, retains 172 

the feature with the optimum validation error, and then fits all models with two features (one of which was 173 

carried from the previous step). This process repeats until eventually all features are selected.  174 

We anticipate heteroscedastic model residuals because Figure 1 suggests that scatter in predictions 175 

of tilt appears to increase for larger values of settlement. As a result, we apply iteratively reweighted least 176 

squares (Holland and Welsch 1977), rather than ordinary least squares, to find model coefficients. We 177 

measure the quality of models based on the mean square validation error, which we estimate using leave-178 

one-out cross-validation, or LOOCV (Stone 1974, Arlot and Celisse 2010). Figure 2 shows the LOOCV 179 

validation error, denoted 𝑀𝑆𝐸 , for levels of complexity from 0 to 16 features. We select the model with 3 180 

features, shown in Equation 1 and the coefficients provided in Table 3. The marginal improvement to model 181 

performance when adding a fourth feature is relatively small, and a fourth feature raises the possibility of 182 

over-fitting, given the size of the database.   183 

The resulting functional form in Equation 1 and coefficients indicate that larger values of average 184 

foundation settlement (𝑆), smaller foundation widths (𝐵), and smaller thicknesses of the non-susceptible 185 

surficial crust (𝐷 , ) lead to larger values of residual tilt (𝜃 ). Dependence on shaking intensity is included 186 

implicitly in dependence on settlement. Settlement also reduces for larger values of 𝐷 ,  (Karimi et al. 2018, 187 

Bullock et al. 2018); the inclusion of an additional term for 𝐷 ,  in Equation 1 suggests that the influence 188 

of 𝐷 ,  on tilt is not fully represented by its influence on settlement. The value of 𝐷 ,  in a site investigation 189 

should be used without adjustment for the effects of any settlement that might occur during shaking. 190 

 ln(𝜃) = 𝑎 ln(𝑆) + 𝑎 ln(𝐵) + 𝑎 𝐷 , + 𝜀  1 191 

The logarithmic residuals (i.e., natural logarithm of the observed value minus the natural logarithm 192 

of the predicted value) of this empirical model (𝜀 ) have a standard deviation (𝜎 ) of 0.29, and they pass 193 

the Lilliefors (1967) test for normality at the 5% significance level. Figure 3 shows the empirical model 194 

residuals as a function of the three predictor variables. Although we suspected heteroscedasticity on 195 
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settlement based on Figure 1, it is not evident in the model residuals. Heteroscedasticity with respect to 𝐵 196 

is apparent from inspection, particularly a decrease in the scatter near 𝐵 of 12 m. Equation 2 provides a 197 

trilinear heteroscedastic characterization of model uncertainty, 198 

 𝜎∗ =

𝜎 , , 𝐵 ≤ 𝐵∗

𝜎 , − 𝜎 , − 𝜎 ,
( ∗)

( ∗ ∗)
, 𝐵∗ < 𝐵 ≤ 𝐵∗

𝜎 , , 𝐵∗ < 𝐵

 2 199 

where 𝐵∗ and 𝐵∗ are threshold values of 𝐵 that correspond to the values where heteroscedasticity is 200 

observed, with the parameter values reported in Table 3. 201 

Model uncertainty  202 

The values of 𝜎∗  represent the “total uncertainty,” rather than “model uncertainty,” implicitly 203 

including uncertainty around all input parameters aside from 𝑆, insofar as these conditions are present in 204 

the case history database. Median values from the Bullock et al. (2017) GMMs are used in place of “true” 205 

ground motion intensity values, meaning that tilt predictions are essentially functions of magnitude, 206 

distance, and faulting characteristics, and uncertainty values presented in this study implicitly include 207 

uncertainty around ground motion intensity. However, a larger standard deviation may be observed if more 208 

case histories were available with a wider variety of SFS parameters, or capturing conditions not currently 209 

represented in the database. We use two bootstrapping techniques (wild bootstrap and case resampling) to 210 

generate two alternative descriptions of model uncertainty in Appendix IV (Wu 1986; Liu 1988). The 211 

resulting values of 𝜎  are approximately 0.34 and 0.38, respectively, compared to 0.29 from the model 212 

alone. If, alternatively, we combine our empirically-derived value with 0.25 through square root sum-of-213 

squares, as suggested by FEMA P-58-1 Appendix H (FEMA 2012) when there is exogenous uncertainty 214 

(i.e., a case not covered in the model), a value of 𝜎  equal to 0.38 is estimated. If there is not exogenous 215 

uncertainty, 0.10 is suggested rather than 0.25, and the resulting value of 𝜎  is 0.30. The bootstrapping 216 

techniques presented in the appendix accomplish something similar to FEMA P-58-1. 217 

One of the inputs to the residual tilt model is foundation settlement. In practice, this settlement is 218 

not known, and must be estimated from a predictive model. Substituting in the Bullock et al. (2018) model 219 
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for foundation settlement (Appendix II), one is left with the form shown in Equation 3. In this equation, 220 

ln(𝑆̅)  is the natural logarithm of the median adjusted settlement provided by Bullock et al. (2018), and 221 

𝜀  is its logarithmic residual (a normal random variable with zero mean and standard deviation, 𝜎 , of 222 

approximately 0.67). We show the contributions from uncertain 𝜀  and 𝜀  values separately to point out 223 

that 𝜀  and 𝜀  are correlated, and the total uncertainty (𝜎 , ) in Equation 4 depends on the correlation 224 

between these values. We calculate a correlation coefficient of 0.19 from the case history database used to 225 

develop this model of residual tilt.  226 

 ln(𝜃 ) = 𝛼 ln(𝑆̅) + 𝛼 ln(𝐵) + 𝛼 𝐷 , + 𝜀 + 𝜀  3 227 

 𝜎 , = 𝜎 + 𝛼 𝜎 + 2𝛼 𝜌 , 𝜎 𝜎   4 228 

SEMI-EMPIRICAL MODEL FOR RESIDUAL TILT 229 

Overview 230 

In this section, we expand on the concept of the empirical model presented above by incorporating results 231 

from a comprehensive numerical parametric study and from available centrifuge experimental results, in 232 

addition to the case history database described previously. The resulting model may require more 233 

information about the SFS system compared to the empirical model presented previously, but the resulting 234 

model for tilt is now independent of an additional settlement model. 235 

Numerical database 236 

This second model for residual tilt takes advantage of 3D, fully-coupled, effective stress, dynamic 237 

numerical simulations conducted by Karimi et al. (2018), and summarized in Table 4. Figure 4 provides a 238 

schematic view of the models used in these numerical analyses. Over 420 models with varying soil, 239 

foundation, and structure properties were analyzed under a suite of 150 ground motions, resulting in more 240 

than 63,000 numerical case histories. Two of the authors previously calibrated and validated the models 241 

(Karimi and Dashti 2015, 2016). In the majority of simulations in this parametric study, Karimi et al. (2018) 242 

varied each input parameter separately, although a few input parameters were varied together, such as 243 

structure height with structure mass, and soil density with other parameters.  244 
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 Results of the parametric study are summarized in Figures 5 through 8. Due to the extent of the 245 

database, we present results from selected ground motions only for clarity with details on these three 246 

motions provided in Table 5. The trends observed in the numerical results from these three ground motions 247 

are representative of the results from other, similar motions. 248 

 Figure 5 shows residual tilt as a function of several foundation parameters. As expected, the trends 249 

and underlying mechanisms for residual tilt can differ from those for foundation settlement (Karimi et al. 250 

2018). At high intensities, bearing pressure (𝑞) has a negative influence on tilt (despite its positive 251 

correlation with settlement at all intensities). Greater 𝑞 amplify shear stresses transferred to the soil, but 252 

they also have a re-centering effect on foundations, reducing the foundation’s tendency to accumulate 253 

rotation in one direction. At low intensities, increasing 𝑞 slightly increased the foundation’s cumulative tilt 254 

by amplifying shear stresses, while the re-centering effect was reduced due to smaller inertial effects. The 255 

foundation width (𝐵) or foundation area (for a constant aspect ratio) also has a negative influence on tilt, 256 

and its influence is stronger than 𝑞. Wider foundations require larger differential settlements caused by 257 

ratcheting to undergo the same amount of tilt as narrower foundations. Further, for the same 𝑞, larger 258 

foundations have a larger zone of influence, increasing the confining pressure in a larger volume of soil. 259 

This is expected to increase the soil’s stiffness and resistance to softening, which in turn reduce the 260 

mechanisms that contribute to foundation’s tilt. In contrast, greater 𝐵 tends to amplify average foundation 261 

settlement under stronger levels of shaking.  262 

The foundation plan length-to-width ratio (𝐿 𝐵⁄ ) also has a negative influence on tilt. Buildings 263 

with larger 𝐿 𝐵⁄  ratios tend to undergo smaller permanent settlements and tilts on liquefiable soils, because 264 

drainage and shear strains become restricted primarily to the shorter dimension (𝐵) and direction of shaking 265 

(approaching the 2D plain strain condition); in contrast, under square foundations, drainage and shear 266 

strains are effectively omnidirectional. Likewise, foundation embedment depth (𝐷 ) tends to reduce tilt as 267 

it increases. This decrease is marginal when 𝐷  < 3m, but more evident when it is increased from 3 m to 5 268 

m for stronger levels of shaking. The soil neighboring the foundation is under a higher confining stress 269 
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when 𝐷  increases, enhancing soil’s resistance to foundation rotation, and the deeper foundation provides 270 

more area for SFSI to influence behavior. 271 

 Figure 6 shows the influence of various structural properties on residual tilt. Increasing structure 272 

height (ℎ ) while keeping its aspect ratio (𝐻 𝐵⁄ ) constant, has a negative effect on tilt, suggesting that the 273 

influence of foundation 𝐵 overshadows the influence of ℎ  in these results. This observation is reaffirmed 274 

by the apparent lack of a clear trend in tilt with respect to 𝐻 𝐵⁄  with 𝐵 held constant. The influence of ℎ  275 

may be intrinsically linked to the influence of inertial mass. Foundations of structures with greater inertial 276 

mass, 𝑀 , experience larger overturning moments, contributing to increased ratcheting-type deformations 277 

and larger tilt. The vibration period of the structure (𝑇 ) itself appears to have little influence on 278 

foundation’s rotation (note that 𝑇  was varied alone, i.e. without changes to ℎ  or 𝑀 ).  279 

 Figure 7 shows the residual tilt as a function of soil profile parameters. The density of the uppermost 280 

susceptible layer, 𝐷 , , has a negative influence, but this trend manifests primarily as a sharp decrease in 281 

tilt between relative densities of 60% and 70%, with little change outside this range.  Karimi et al. (2018) 282 

and Bullock et al. (2018) previously identified that a significant shift from contractive to dilative behavior 283 

occurs in this regime of relative density, influencing the extent of pore pressure generation and shear 284 

deformations below the foundation. Absent shear deformations, volumetric strains that are highly 285 

dependent on 𝐷 ,  are expected to cause mostly uniform foundation settlement  The thickness of the 286 

uppermost susceptible layer (𝐻 , ) has a positive, although slight, effect on tilt for thicknesses up to about 287 

6 m, at which point the influence reduces significantly. The numerical model captures primarily deviatoric 288 

(shear) deformation modes, so this result suggests that once the susceptible layer is thick enough to fully 289 

engage shear mechanisms, adding more susceptible material has little effect.  290 

Results in Figure 7 also show that deeper susceptible layers (farther from the foundation) are less 291 

influential. Based on these observations, we consider two measures of soil thickness: 𝐻 , .  and 𝐻 , . , 292 

defined as the thickness of susceptible material within 1.0𝐵 or 1.5𝐵 of the bottom of the foundation, 293 

respectively. (If a susceptible layer is cut by the threshold, the thickness below the threshold is excluded.) 294 
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Figure 7 also shows the sensitivity of foundation residual tilt to these parameters. Tilt increases with 295 

increasing 𝐻 , . , although this trend is dependent on intensity. Tilt also increases with larger 𝐻 , . , until 296 

𝐻 , .  exceeds 𝐻 , . , after which point it plateaus or decreases. As a result, we select 𝐻 , .  will be the 297 

more useful parameter for predicting residual tilt. 298 

There are a number of limitations to the numerical models. First, most SFS parameters were varied 299 

individually to allow for the separation of effects. However, this approach limits our ability to fully 300 

characterize interactions among parameters as they may influence tilt. Further, the numerical models do not 301 

consider heterogeneity of the soil properties in plan, are generally known to underestimate volumetric 302 

deformations, and may misrepresent or neglect the influence of void redistribution, strain localization, and 303 

soil ejecta on foundation deformations. The numerical results, therefore, only consider the contribution of 304 

shear mechanisms caused by the structure’s pressure and inertia to the foundation’s residual tilt. By not 305 

capturing large, cumulative shear deformations in the layered, softened soil profile below, these simulations 306 

produce soil behavior that is stiff relative to field behavior. As a result of these limitations, the numerical 307 

values of residual tilt are generally quite small. Nevertheless, because of its size, the numerical database is 308 

useful in evaluating trends, identifying the key parameters for predicting tilt, and developing a preliminary 309 

functional form for its prediction, subject to adjustment as described below.  310 

Centrifuge experimental database 311 

Due to inherent limitations of numerical modeling, we supplement the numerical results with results of 312 

centrifuge testing to better represent the effects of volumetric deformations and soil ejecta in the proposed 313 

semi-empirical model. Table 6 summarizes the centrifuge experimental database accessed by the authors. 314 

We include only tests of non-rigid, unmitigated structures (i.e., those with realistic dynamic properties and 315 

without drains, densification, or another form of liquefaction mitigation) on mat foundations over 316 

liquefiable ground (see also Appendix I).  317 

 In the centrifuge, each model is often subjected to multiple consecutive ground motions that build 318 

up in intensity (e.g., Dashti et al. 2010a,b). The permanent volumetric and shear strains in the soil, as well 319 

as permanent settlement and tilt of the foundation from earlier ground motions, have an important influence 320 
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on the behavior of the models in later ground motions. Therefore, we expect centrifuge test runs with little 321 

residual tilt remaining from previous shakes to be more realistic. In order to reduce the impact of tests with 322 

significant pre-existing tilt, we employ a weighting scheme shown in Equation 5  based on the initial 323 

overturning moment (𝑀 ) and maximum overturning moment (𝑀 ) for a given ground motion, where 324 

the overturning moment is calculated as the sum of moments due to horizontal accelerations of the masses 325 

(∑ 𝑚 ℎ 𝑎 (𝑡)) and moments due to P-Δ effects (∑ 𝑔𝑚 𝛿 (𝑡)). In these equations, 𝑚  is the 𝑖 −th story mass, 326 

ℎ  is the height of the 𝑖 −th story, 𝑎 (𝑡) is the horizontal acceleration of the 𝑖 −th mass, and 𝛿  is the 327 

horizontal deflection of the 𝑖 −th story, including both flexural and rotational deformations. 𝑀  328 

represents the importance of residual tilt at the end of the previous motion. Tests where 𝑀  is on the same 329 

order of magnitude as 𝑀  are assigned zero weight, and tests with no initial tilt (i.e. 𝑀  is zero) 330 

weighted as 1. 331 

𝑤 = max 1 − 10 , 0                                                                                              5 332 

Despite the advantages of centrifuge tests over numerical models in terms of capturing ejection 333 

behavior, scaling and use of viscous fluid may lead to differences between ejecta in the centrifuge and that 334 

in the field. In addition, the centrifuge experiments, like the numerical parametric study, used 1D horizontal 335 

shaking and soil profiles that are homogenous in plan and the variability and heterogeneity of soil layers in 336 

elevation was limited. Additionally, the idealized profiles in the centrifuge do not include certain factors 337 

that contribute to ejection, such as pre-existing cracks or weaknesses in impermeable layers arising from 338 

cycles of dessication not reproduced in the centrifuge. Hence, the centrifuge results still capture only a 339 

portion of total foundation tilt. The use of centrifuge test results in this context allows us to adjust the model 340 

to partially include the effects of ejection and to address specific limitations of numerical modeling (e.g., 341 

poor ability to capture sedimentation and inability to capture ejection), without combining these effects 342 

with those of soil heterogeneity.  343 
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Model development 344 

We develop the semi-empirical model for residual tilt in three phases: (1) regression of a base model on the 345 

numerical database, (2) primary adjustment of the model according to centrifuge test results, and (3) 346 

secondary adjustment of the model according to the same case history observations (Appendix I. The case 347 

histories address the presence of heterogeneity, the differences in ejection behavior in the centrifuge and 348 

the field, as well as possible effects from more complex, multi-directional shaking. Appendix V provides a 349 

detailed, step-by-step description of this procedure. We apply lasso (Tibshirani 1996) to select features 350 

during phases (1) and (2). In phase (3), we evaluate proxies for vertical heterogeneity, and select features 351 

using greedy forward stepwise selection (as in the development of the first, empirical model). 352 

Equation 6 shows the form selected for the base model, using the numerical database alone. All 353 

model coefficients are provided in Table 7. 354 

ln(𝜃 ) = 𝛼 + 𝛼 ln(𝑞) + 𝛼 ln(𝐵) + 𝛼 𝐿 𝐵⁄ + 𝛼 ln(𝐿 𝐵⁄ ) + 𝛼 ln 𝐷 + 𝛼 ln 𝑉 +355 

𝛼 ln(𝐶𝐴𝑉) 𝐻 , . + 𝛼 𝐷 , + 𝛼 𝐻 17.2 − 𝑁 , , + 𝛼 min , 1 + 𝛼 (𝐻 𝐵⁄ ) +356 

𝛼 ln 𝑉 + 𝛼 ln(𝐶𝐴𝑉) + 𝜀 ,   6 357 

In Equation 6, 𝜀 ,  are the logarithmic residuals following regression on the numerical database. We do 358 

not characterize 𝜀 ,  here because the model is subsequently adjusted further.  359 

In Equation 6, 𝑁 , ,  is the SPT blow-count of the uppermost susceptible layer. The Heaviside step 360 

function, 𝐻(∙), is essentially a flag that is 1 if the uppermost layer is sufficiently loose, and 0 otherwise. 361 

This term can be rewritten in terms of either CPT resistance or relative density as 𝐻 140.2 − 𝑞 ,  or 362 

𝐻 70% − 𝐷 , , respectively, where 𝑞 ,  and 𝐷 ,  are the CPT normalized tip resistance and relative 363 

density of the uppermost susceptible layer. These values were determined using the relationships from 364 

Meyerhof (1957), Skempton (1986), and Idriss and Boulanger (2008), i.e.: 365 

𝑁 , = 35(𝐷 100⁄ )                                      7 366 

𝑞 = 0.9
⁄ .

.

.
                          8 367 
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The coefficients used in these relationships were developed based on laboratory tests, but subsequently 368 

validated with NCEER field observations of liquefaction triggering (NCEER 1997). 369 

Equation 6 showed significant systematic under-prediction when applied to the centrifuge test 370 

results. This underprediction is attributed to the phenomena observed in the centrifuge that are not captured 371 

sufficiently by the numerical models as described above, especially ejecta, sedimentation, and localized 372 

shear and volumetric deformations within grains below the edges of the foundation that lead to accumulated 373 

permanent rotation. Collinearity among certain parameters (i.e., 𝑞, 𝑀 , and ℎ ) also likely plays a role. 374 

We used the lasso again to formulate a latent variable correction for this bias (Skrondal and Rabe-Hesketh 375 

2004). Equation 9 provides the adjustment using the centrifuge database. 376 

 ln(𝜃 ) = ln(𝜃 ) + 𝛾 + 𝛾 ln ℎ + 𝜀 ,   9 377 

All coefficients are provided in Table 7. The lasso selects effective height as the only parameter needed to 378 

remove the bias from the numerically-based model. As before, 𝜀 ,  is the logarithmic residual of predicted 379 

residual tilt, but is irrelevant after phase 3 of the model development so is not further explored.  380 

At this stage, the model does not fully incorporate the influence of 3D heterogeneity and ejecta 381 

observed in the field, which are incorporated using the case history database. The effects of vertical 382 

heterogeneity on tilt are uncertain and, likely, variable. A greater degree of interlayering between non-383 

susceptible, plastic, fine-grained soils and susceptible, non-plastic, granular soils within the foundation’s 384 

zone of influence may amplify void redistribution and shear strain localization (e.g., Kokusho 2003; 385 

Malvick et al. 2006; Dashti et al. 2010b). This effect lowers shear resistance near the top of susceptible 386 

layers, potentially amplifying foundation’s tilt tendencies. In addition, greater interlayering may have mixed 387 

effects on surface manifestation of sand ejecta, which influences deformations and tilt. On one hand, non-388 

susceptible interlayers may be subject to large hydraulic gradients resulting from the localization of large 389 

excess pore pressures and void redistribution. These hydraulic gradients can increase their potential for 390 

disturbance and fracture, which would increase the likelihood of ejection and its effects. Conversely, a 391 

greater degree of interlayering might reduce tilt potential if the non-susceptible interlayers localize pore 392 
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pressures within thinner liquefiable layers, while resisting fracture and suppressing surface manifestation 393 

of ejection (e.g., Beyzaei et al. 2018, Cubrinovski et al. 2017). The potentially countervailing effects of 394 

interlayering are expected to depend on the properties of the soil profile and interlayers at a systems level 395 

(Cubrinovski et al. 2017) and ground motion characteristics. We expect to find a positive correlation 396 

between proxies for vertical heterogeneity and tilt if the increased softening due to void redistribution 397 

dominates the possible reduction in ejection, and a negative trend if otherwise. 398 

We consider a wide range of proxies for vertical heterogeneity that influence the extent of void 399 

redistribution, ejection, and tilt, as detailed in Appendix VI. We select a combination of: (1) thickness of 400 

the largest continuous layer of susceptible material in the top 𝐵 depth of the profile below the foundation 401 

(max(𝐻 ) . ); and (2) the number of distinct non-susceptible layers per susceptible layer in the top 𝐵 402 

depth of the profile below the foundation (𝑁 , . 𝑁 , .⁄ ). In max(𝐻 ) . , adjacent layers are considered 403 

as a single layer if they are both susceptible or if they are both non-susceptible, even if they have other 404 

differences.  405 

Equation 10 shows the final form selected for the secondary adjustment based on case history 406 

observations. Up until this point, we have used recorded values of outcropping rock 𝐶𝐴𝑉 and 𝑉  from the 407 

numerical or centrifuge tests. However, we do not have acceleration data corresponding to the shaking 408 

experienced by the case histories, so we replace these values by the median predictions of the Bullock et 409 

al. (2017) GMMs.  410 

 ln(𝜃 ) = ln(𝜃 ) + 𝜅 + 𝜅 𝐹 + 𝜅 𝐷 , + 𝜅 max(𝐻 ) . + 𝜅 𝑁 , . 𝑁 , .⁄ + 𝜀  10 411 

Here, 𝜀  is the logarithmic residual of the final semi-empirical model, which has zero mean and standard 412 

deviation 𝜎 . These residuals pass a Lilliefors (1967) test for normality.  413 

In Equation 10, 𝑁 , . 𝑁 , .⁄  provides a direct proxy for coarse interlayering. The positive 414 

coefficient (𝜅 ) on this proxy suggests that the effects that increase tilt (e.g., amplification of void 415 

redistribution) outweigh the effects that might decrease it (e.g., possible reduction in ejection potential), at 416 

least insofar as these effects are present in the case history database. The observation that profiles with 417 
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larger values of max(𝐻 ) .  tend to produce smaller tilts is consistent (profiles with more coarse 418 

interlayering tend to have thinner continuous layers of susceptible materials). Due to the resolution at which 419 

soil profile data is available in the case history database, the smallest layer considered in our analysis is 1 420 

m thick. We are therefore unable to capture the effects of very fine interlayering (i.e., lenses of sand on the 421 

order of centimeters thick), and its impact is implicitly included in model uncertainty. 422 

Figure 8 shows the residuals of this model as a function of several key parameters. 423 

Heteroscedasticity may be apparent with respect to a few parameters (e.g., 𝐷 ,  and max(𝐻 ) . ), but there 424 

are insufficient data in the extreme ranges of these parameters to confidently characterize it. This semi-425 

empirical model has a similar range of uncertainty when compared to the empirical model (Equation 1) 426 

presented above, but  it provides estimates that are independent of settlement. Note that Table 7 provides 427 

the correlation between the errors of this model and the Bullock et al. (2018) model for settlement. This 428 

correlation is not needed to produce predictions of tilt, but engineers can use it along with the Bullock et al. 429 

(2018) settlement model to produce correlated probabilistic predictions of settlement and tilt. 430 

Model uncertainty  431 

As with the empirical model, the uncertainty (𝜎 ) represents “total uncertainty,” and is suitable for use in 432 

forward analysis.    433 

MODEL FOR PEAK TRANSIENT TILT 434 

Model development 435 

Development of a model for the peak transient tilt of mat foundations (𝜃 ) relies on centrifuge experimental 436 

results, because transient tilt of mat-founded structures is not provided by case histories. This treatment of 437 

the peak transient value of an engineering demand parameter (EDP) is not novel: structural engineers have 438 

previously considered the ratio between peak transient and residual story drift ratios (Ruiz-Garcia and 439 

Miranda 2006). Here, we define the transient tilt ratio, 𝑅  as; 440 

 𝑅 =  11 441 
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 We use the lasso to determine the functional form of the model for 𝑅 , given by Equation 12, and 442 

explained in detail in Appendix V. Table 8 provides the coefficients for this model and characterizes its 443 

uncertainty. Model predictions for 𝑅  should be left-truncated at 1.0, because smaller values are not 444 

physically possible. In this equation, 𝜀  is the logarithmic residual of predictions of 𝑅 , which has zero 445 

mean and standard deviation 𝜎 , and 𝜃  is the observed value of residual tilt, meaning that it is an uncertain 446 

quantity in forward prediction (i.e., we do not know the observed 𝜃  before it occurs). Table 8 provides the 447 

correlation coefficient needed to characterize uncertainty around 𝑅  when 𝜃  is predicted using the semi-448 

empirical model in this study. 449 

 ln(𝑅 ) = 𝛿 + 𝛿 ln(𝜃 ) + 𝛿 ln(𝐵) + 𝛿 𝐻 , . + 𝜀  12 450 

Figure 9 shows the residuals of this model. These residuals also pass a Lilliefors (1967) test for 451 

normality.  Heteroscedasticity is apparent with respect to the foundation width, and its characterization 452 

follows the same form as Equation 2, but with different coefficients, provided in Table 8. 453 

           The model for the transient tilt ratio suggests that increasing 𝐵 makes the ratio of transient to residual 454 

tilt closer to one; for wider foundations, more energy is needed to re-center the foundation so the residual 455 

tilt is likely closer to the transient tilt.  Increasing 𝐻 , .  increases the peak transient tilt; greater thickness 456 

of the liquefaction susceptible material within the foundation’s zone of influence results in greater 457 

softening, amplifying building’s ratcheting behavior and hence, the transient tilt ratio. 458 

 We expect this model of transient tilt ratios to be conservative. As discussed previously, the 459 

centrifuge results primarily reflect tilt due to inertial effects and localized volumetric strains. In the field, 460 

these tilts may be amplified by the presence of both vertical and horizontal heterogeneity in the site, as well 461 

as ejecta.  However, these forms of tilt tend to accumulate in one direction and are unlikely to reverse. 462 

Therefore, the centrifuge database tends to estimate larger transient tilt ratios by its inherent bias toward 463 

more reversible components of foundation tilt. If these irreversible components of tilt dominate, the 464 

transient tilt ratio reduces to about 1.0 (when peak transient and residual tilts are similar in magnitude and 465 

direction).  466 
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Model implementation and uncertainty 467 

Probabilistic estimates of peak transient tilt presented above considering uncertainties in residual tilt and 468 

the ratio predicted above. The correlation between 𝜀  and 𝜀   for the centrifuge results is -0.182. This 469 

correlation suggests that when we over-predict residual tilt, we tend to under-predict the transient tilt ratio. 470 

This trend is expected given that larger residual tilts should push 𝑅  towards 1.0, which is its minimum 471 

value. However, this relationship is very weak, and this negative correlation reduces overall model 472 

uncertainty only slightly. The variance of the natural logarithm of peak transient tilt (𝜎 ) is given by 473 

Equations 14 and 15. The heteroscedastic estimates of 𝜎  and 𝜎  (previously denoted as 𝜎∗ and 𝜎∗ ) can 474 

be used in Equation 15 to generate a heteroscedastic estimate of 𝜎  (which would be denoted 𝜎∗ ) 475 

depending on 𝐵. Note that the appropriate standard deviation of residual tilt needs to be used based on 476 

which model is being implemented (𝜎  for the empirical model, or 𝜎  for the semi-empirical model). 477 

 ln 𝜃 = ln(𝜃 𝑅 ) = ln(�̅� ) + 𝜀 + ln(𝑅 ) + 𝜀  13 478 

 𝜎 , = 𝜎 + 𝛿 𝜎 + 2𝛿 𝜌 , 𝜎 𝜎  14 479 

 𝜎 = 𝜎 + 𝜎 , = (1 + 𝛿 )𝜎 + 𝜎 + 2𝛿 𝜌 , 𝜎 𝜎  15 480 

Peak transient tilt predictions made with this model can be combined with estimates of flexural 481 

drift in the superstructure to estimate the total drift. This value is particularly useful for estimating transient 482 

P-Δ effects. However, the peak transient tilt and the peak transient story drift ratio are not necessarily 483 

coincident, so we recommend estimating the combined drift by the square-root-sum-of-squares method 484 

already commonly used for modal superposition.  485 

MODEL APPLICABILITY AND LIMITATIONS 486 

Applicability 487 

We provide a distilled guide with recommendations for model implementation in this section. Table 9 488 

summarizes the models and equations that may be used, depending on the details available to the analyst. 489 

Scenarios 1 and 2 in Table 9 predict tilt for structures when information about soil profile heterogeneity in 490 

plan is not available; those effects are captured by the model uncertainty because this condition is present 491 
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in the case histories used to develop these models. Scenario 3 deals with cases for which heterogeneity in 492 

plan is observed and characterized. In this case, the results from scenario 2 (the semi-empirical model) are 493 

compared to the results from using a model for foundation settlement to evaluate differential settlement due 494 

to variations in soil properties across the foundation (and subsequently derive tilt). Finally, scenario 4 may 495 

be of interest to engineers, because the coincidence of settlement and tilt may be critical for engineering 496 

decision making. In this scenario, the probability distributions of residual tilt conditioned on settlement 497 

have model uncertainty that is smaller yet. Example applications of all four scenarios are included in 498 

Appendix II. In conjunction with the Bullock et al. (2018) settlement model, correlations provided can also 499 

be used to determine the probability of exceedance of given settlement-tilt scenarios (e.g., settlement above 500 

50 cm and tilt above 1.0 degree). 501 

Based on any of the above estimates of residual tilt, the semi-empirical model for the transient tilt 502 

ratio (Equation 10) can subsequently be applied to generate estimates of the peak transient tilt (Equation 503 

12). The correlation coefficients provided can be used to determine the probability of exceedance of given 504 

combinations of tilt values (e.g., residual tilt above 1.0 degree and peak transient tilt above 2.0 degrees).  505 

Model Limitations 506 

The models described above have several limitations. First, we expect the behavior of other foundation 507 

systems to differ significantly from that of mats. Second, all models are only applicable to structures on 508 

mat foundations with effective heights up to 15 m (or a true height of roughly 21m, about six stories). Limits 509 

on other input parameters are not as critical to consider given the relative sensitivity of tilt predictions to 510 

changes in effective height. 511 

In addition, the empirical model for residual foundation tilt (Equation 1/Scenario 1) requires use of 512 

a probabilistic model for foundation settlement. Therefore, the quality of predictions made using this model 513 

cannot be separated from the assumptions, flaws, biases, or applicability restrictions of the co-implemented 514 

settlement model. In addition, more information may be needed about site geometry and soil profiles if the 515 

settlement model requires it. Finally, correctly estimating the uncertainty around predictions requires 516 

estimates of correlation between the errors in predicting settlement and in predicting residual tilt. We 517 
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quantify the necessary correlations for use with the Bullock et al. (2018) settlement model, but more work 518 

is needed to develop these coefficients for use with other settlement models (e.g., Unutmaz and Cetin 2012; 519 

Bray and Macedo 2017; Lu 2017).  520 

The semi-empirical model for residual foundation tilt (Equations 6&9-10/Scenarios 2-3 requires 521 

detailed knowledge of a single borehole, which may be impractical for some projects. This model accounts 522 

for inertial effects, localized volumetric strains, and the effects of vertical heterogeneity. The numerical and 523 

centrifuge models used to begin the development of the semi-empirical model are shaken with one-524 

dimensional horizontal excitation, and, therefore, exclude effects that arise from complex, 525 

multidimensional shaking. The influence of the multidimensional ground motion is only included in the 526 

model insofar as it is present in the case history database.  This model may also not fully capture effects of 527 

correlations between certain soil, foundation and structural parameters.  In particular, the numerical model 528 

varied these parameters individually (i.e. treating them as uncorrelated).  The centrifuge focused on more 529 

realistic combinations of parameters but, due to the relatively simplistic representation of complex 530 

structures at scale in the centrifuge, the correlation between certain parameters is weaker in the experiments 531 

than observed in case histories. In particular, multicollinearity expected in the real world among structure 532 

height, structure mass, and foundation bearing pressure may lead to poorly constrained model behavior for 533 

very tall and massive structures. In addition, any effects from horizontal heterogeneity that influenced the 534 

tilt observed in the case history database are reflected in the model uncertainty. If significantly 535 

heterogeneous site conditions are observed and characterized, probabilistic models for settlement should be 536 

used to form an alternative estimate of differential settlement as a comparison. 537 

The empirical model for residual tilt and the final adjustment of the semi-empirical model for 538 

residual tilt are based on a relatively limited case history database, and we therefore expect the estimates of 539 

model uncertainty to be small. We suggest following the recommendations of FEMA P-58 (FEMA 2012) 540 

to adjust model uncertainty, and the values presented in Table 9 include this adjustment. In addition, both 541 

models for residual foundation tilt fail to explicitly consider structure-soil-structure interactions (SSSI) in 542 
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urban settings, which have been shown to affect tilt significantly (Hayden et al. 2015; Kirkwood and Dashti 543 

2018). The influence of any SSSI exhibited in the case histories contributes to the model uncertainty. 544 

The final adjustment to the semi-empirical model suggests that the residual tilt of buildings at sites 545 

with more interlayering of susceptible and non-susceptible layers will generally be larger. Cubrinovski et 546 

al. (2017) and Beyzaei et al. (2018) observed the opposite trend for surficial manifestations of liquefaction 547 

and formation of ejecta at sites away from buildings in the Canterbury earthquakes. Further investigation 548 

is required to determine whether the trend observed in this study is the result of: (1) the influence of 549 

interlayering on void redistribution and therefore softening of the susceptible layers, or (2) a reversal in the 550 

trend of ejection potential caused by the presence of the structure and nature of ground motions. Regardless, 551 

the case histories currently available show a significant trend increasing tilt with proxies for vertical 552 

heterogeneity, and neglecting this effect might result in unconservative estimates of foundation tilt. 553 

The model for the transient tilt ratio is based on centrifuge data. As a result, the influence of 554 

heterogeneous soil conditions (particularly in plan) on peak transient tilt are not incorporated. However, we 555 

expect tilt due to heterogeneity to be irreversible, which would tend to reduce the transient tilt ratio to 1.0. 556 

The model’s estimates of the transient tilt ratio are therefore incomplete, but conservative. The model for 557 

peak transient tilt is based on the transient tilt ratio and, hence, it is also susceptible to the limitations of the 558 

models for residual tilt discussed above.  559 

Although the models for residual tilt are unbiased with regard to the case history database, the small 560 

size of the currently available database (i.e., 20 cases) may not completely represent all trends in the field. 561 

This database is used primarily to adjust for the effects of vertical heterogeneity, and the influence of all 562 

other parameters of the SFS system is characterized using the extensive numerical database and the 563 

relatively larger centrifuge test database. Lastly, the case history database includes relatively few cases that 564 

experienced small settlements (i.e., less than 10 cm), and the models may or may not be unbiased in these 565 

cases. In addition, residual tilt occurred in all buildings in the existing case history database, so both the 566 

empirical and semi-empirical models are conditioned on the occurrence of visible tilt, which may lead these 567 

models to exhibit slight bias towards over-prediction. This implicit conditioning does not necessarily mean 568 
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that the models are conditioned on the triggering of liquefaction (i.e., the excess pore pressure ratio, ru, 569 

reaching 1.0), since significant softening and tilt can occur even if liquefaction does not initiate under the 570 

building.  571 

CONCLUDING REMARKS 572 

This study presents empirical and semi-empirical probabilistic models for estimating the residual and peak 573 

transient tilt of mat-founded structures on potentially liquefiable ground. The models account for the 574 

influence of soil, foundation, and structure properties, and are consistent with current mechanistic 575 

understanding of the phenomenon of liquefaction and its consequences.  576 

The empirical model for residual tilt was developed based on case histories using forward stepwise 577 

feature selection, and is a function of settlement. The lasso was used to determine optimum forms for the 578 

semi-empirical model of residual tilt based on a large set of fully-coupled, 3D, dynamic numerical 579 

simulations of soil-foundation-structure systems, subsequently adjusted according to centrifuge modeling. 580 

The model was further validated and adjusted using the available case history database of actual building 581 

settlements and residual tilts. The model for peak transient tilt was based on the ratio between the peak 582 

transient and residual tilts as observed in the centrifuge experiments, which we defined as the transient tilt 583 

ratio. These semi-empirical models are independent of any prediction of settlement. 584 

Probabilistic estimates of residual tilt from these models improve our ability to predict losses due 585 

to the demolition of structures that have experienced excessive tilt in the future. For example, structures 586 

that experience tilt over a certain threshold may need to be demolished and replaced, and the peak transient 587 

tilt may also lead to more severe structural damage. Likewise, probabilistic estimates of peak transient tilt 588 

help predict possible amplification of P- effects in the superstructure above these foundations.  589 

 Combined with probabilistic models for foundation settlement (Unutmaz and Cetin 2012; Bray and 590 

Macedo 2017; Lu 2017; Bullock et al. 2018), these models for foundation tilt allow engineers to form a 591 

more holistic understanding of the possible consequences of liquefaction for a given mat-founded building 592 

on a given site, in terms of settlement and tilt. If combined with understanding of lateral spread, ground 593 

oscillation, modification of ground motions, and the potential for deformations due to the formation of 594 
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water films, this information is critical for decision-making regarding mitigation for both new and existing 595 

structures. 596 
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Table 1. Summary of the case history database. 748 
 749 

Reference Earthquake 
Total no. 

cases 
No. mat 

cases 
No. mat cases with 

measured residual tilt 
Yoshimi and Tokimatsu (1997) Niigata, 1964 14 2 2 
Acacio et al. (2001) Luzon, 1990 17 0 0 
Bray and Sancio (2009) Kocaeli, 1999 3 3 2 
Unutmaz and Cetin (2010) Kocaeli and Düzce, 1999 27 27 16 
Bertalot et al. (2013) Maule, 2010 19 14 0 
Bray et al. (2014) Christchurch, 2011 4 0 0 

Total 84 46 20 
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Table 2. Possible features for the empirical model of residual tilt. 752 
 753 

ln(𝑆) 𝐹  𝑞 ln(𝑞) 𝐵 ln(𝐵) 
ℎ  ln ℎ  𝑀  ln(𝑀 ) 𝐷  ln 𝐷  
𝐻 ,  ln 𝐻 ,  𝐷 ,  ln 𝐷 ,  ln(𝐶𝐴𝑉) ln 𝑉  

 754 

  755 
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Table 3. Coefficient values for the empirical model. 756 
 757 

Parameter Value Parameter Value 
𝑎  0.509 𝐵∗ 12 
𝑎  -0.936 𝐵∗ 16 
𝑎  -0.102 𝜎 ,  0.342 
𝜎  0.287 𝜎 ,  0.123 

  𝜌 ,  0.194 
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Table 4. Input parameters considered in the numerical parametric study and their ranges. 760 
 761 

Input Parameter Range considered 
Relative density of susceptible layers, 𝐷  30% to 85% 
Thickness of uppermost susceptiblea) layer, 𝐻 ,  1 m to 20 m 
Thickness of non-susceptible crust, 𝐷 ,

b) 1 m to 10 m 
Multiple loose to medium-dense sand layers 1, 2, or 3 layers 
Presence of a low-permeability cap Present or absent 
Initial site period, 𝑇  0.27 s to 0.85 s 
Foundation bearing pressure, 𝑞 39 kPa to 220 kPa 
Foundation embedment depth, 𝐷  1 m to 5 m 
Foundation width, 𝐵 4.5 m to 15 m 
Foundation length-to-width ratio, 𝐿 𝐵⁄  1.0 to 10.0 
Structure height-to-width ratio, 𝐻 𝐵⁄  0.3 to 2.3 
Structure height, ℎ  (with constant 𝐻 𝐵⁄ ) 2.6 m to 13.7 m 
Structure inertial mass, 𝑀  5,000 kg to 2,472,000 kg 
Structure vibration period, 𝑇  0.25 s to 2.0 s 
Bedrock shear wave velocity, 𝑉 ,  760 m/s to 2000 m/s 

a) Generally defined as saturated, non-plastic, cohesionless soils (e.g., Bray and Sancio 2006) 762 
b) Measured from the ground surface. 763 
 764 
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Table 5. Values of intensity measures for the selected intensity levels in Figure 5, Figure 6, and Figure 7. 766 
 767 

Intensity CAV (cm/s) PGA (cm/s2) 𝑫𝟓 𝟗𝟓 (s) 
Low 167.2 51.8 10.7 
Moderate 430.0 136.2 11.3 
High 1,248.8 289.9 12.6 
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Table 6. Summary of the centrifuge experimental database with realistic (non-rigid) structures on 770 
liquefiable soil deposits. 771 

 772 

Reference Number of data points 
Allmond and Kutter (2012, 2013) 74 
Dashti et al. (2010a,b) 18 
Olarte et al. (2017) 10 
Paramasivam et al. (2018) 3 

 773 
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Table 7. Coefficients for the semi-empirical model for residual tilt. 775 
 776 

Parameter Value Parameter Value 
𝛼  -4.353 𝛼  0.234 
𝛼  -0.329 𝛼  0.404 
𝛼  -0.252 𝛾  0.066 
𝛼  -0.036 𝛾  0.165 
𝛼  -0.430 𝜅  2.383 
𝛼  -0.121 𝜅  1.491 
𝛼  0.003 𝜅  -0.168 
𝛼  0.026 𝜅  -0.327 
𝛼  -0.082 𝜅  0.087 
𝛼  0.314 𝜎  0.548 
𝛼  0.472 𝜌 ,  0.500 
𝛼  -0.020   
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Table 8. Coefficients for the model predicting the transient tilt ratio (Equation 10). 779 
 780 

Parameter Value Parameter Value 
𝛿  2.639 𝐵∗ 8 
𝛿  -0.577 𝐵∗ 10 
𝛿  -1.285 𝜎 ,  0.474 
𝛿  0.088 𝜎 ,  0.244 

𝜎  0.442 𝜌 ,  -0.182 

 781 

  782 



37 
 

Table 9. Implementation guide for the models in this study according to the level of detail in site 783 
investigation. 784 

 785 

Scenario Description Model Equations Model 𝝈𝒕𝒐𝒕
* 

1 

Calculate residual tilt based on 
knowledge of general profile 
geometry, including the critical 
susceptible layer(s) 

Empirical model for residual 
tilt 

1; Bullock et al. 
(2018) or other 
model for 
settlement  

0.50 if using 
Bullock et al. 
(2018) settlement 
model 

2 

Calculate residual tilt based on 
detailed knowledge of profile 
geometry and soil properties at 
one location at the site 

Semi-empirical model for 
residual tilt 

6, 9, and 10 0.55 

3 

Calculate residual tilt based on 
detailed knowledge of profile 
geometry and soil properties at 
multiple locations around the 
site 

Larger of the two: 1) Semi-
empirical model for residual 
tilt; 2) Probabilistic model for 
differential foundation 
settlement based on 
evaluating settlement for 
profile to each side of the 
foundation 

6, 9, and 10; 
Bullock et al. 
(2018) or other 
model for 
settlement 

0.55; depends on 
the selected 
settlement model 

4 
Calculate residual tilt given the 
occurrence of a certain average 
foundation settlement 

Empirical model for residual 
tilt 

1 0.30 

* Values of 𝜎  in this table have been adjusted according to the recommendations of FEMA P-58 Appendix H (i.e., SRSS of model uncertainty 786 
with 0.10; FEMA 2012) to reflect uncertainty due to limitations of the databases. If analyzing a case with characteristics not included in the 787 
databases (e.g., sloping sites, etc.), these values should be recalculated by SRSS with 0.25 to reflect the increased uncertainty.  788 
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 790 

 791 
Figure 1. Average settlement and residual tilt for the case histories on mat foundations. 792 
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 794 
Figure 2. Validation error of models considered in greedy forward stepwise selection with 0 to 16 795 

features.  796 
  797 
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 798 
Figure 3. Residuals for the case history data using the empirical model (Equation 1). 799 

800 
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802 
Figure 4. Schematic view of a numerical model from the parametric study. 803 



 42

 804 
Figure 5. Sensitivity of residual tilt to properties of the foundation for three representative ground 805 

motions and intensity levels in numerical analyses. 806 
  807 



 43

 808 
Figure 6. Sensitivity of residual tilt to properties of the structure for three representative ground motions 809 

and intensity levels in numerical analyses. 810 
 811 



 44

 812 
Figure 7. Sensitivity of residual tilt to properties of the soil profile for three representative ground 813 

motions and intensity levels in numerical analyses. 814 
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 815 
Figure 8. Adjusted residuals for the case history data using the semi-empirical model for residual tilt 816 

(Equations 6, 7, and 8). 817 
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 818 
Figure 9. Residuals for the centrifuge data using the model for the transient tilt ratio (Equation 10). 819 
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